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Abstract
We extend some of the results proved for scalar equations in [3, 4], to the
case of systems of integrable conservation laws. In particular, for such systems
we prove that the eigenvalues of a matrix obtained from the quasilinear part
of the system are invariants under Miura transformations and we show how
these invariants are related to dispersion relations. Furthermore, focusing on
one-parameter families of dispersionless systems of integrable conservation
laws associated to the Coxeter groups of rank 2 found in [1], we study the
corresponding integrable deformations up to order 2 in the deformation pa-
rameter ǫ. Each family contains both bi-Hamiltonian and non-Hamiltonian
systems of conservation laws and therefore we use it to probe to which ex-
tent the properties of the dispersionless limit impact the nature and the ex-
istence of integrable deformations. It turns out that a part two values of the
parameter all deformations of order one in ǫ are Miura-trivial, while all those
of order two in ǫ are essentially parameterized by two arbitrary functions of
single variables (the Riemann invariants) both in the bi-Hamiltonian and in
the non-Hamiltonian case. In the two remaining cases, due to the existence of
non-trivial first order deformations, there is an additional functional parame-
ter.
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1 Introduction
In this paper, we consider systems of PDEs in evolution form of the following
type:
uit = A
i
j(u)u
j
x+ǫ(B
i
j(u)u
j
xx+B
i
jk(u)u
j
xu
k
x)+ǫ
2(Cij(u)u
j
xxx+C
i
jk(u)u
j
xxu
k
x+C
i
jkl(u)u
j
xu
k
xu
l
x)+. . .
(1.1)
where i = 1, . . . n and ui(x, t) are functions of the space variable x and the time
variable t. Special cases of these systems include deformations of bi-Hamiltonian
systems of hydrodynamic type and have been deeply investigated starting from
the work of Dubrovin and Zhang [13] (see also [23, 18, 14, 15, 2, 19, 8, 9]), not
only in relation to problems in the theory of integrable systems, but also with an
essential focus to important aspects of the theory of Gromov-Witten invariants. In
this work, our efforts are focused only on issues related to the classification and
the integrability of systems (1.1).
To this aim, we say that the system (1.1) is integrable if
1. its dispersionless limit, given by
uit = A
i
j(u)u
j
x, i = 1, ..., n, (1.2)
is integrable in the sense of Tsarev, as a semi-Hamiltonian system [27]. This
implies the existence of a distinguished coordinate system (defined up to
reparameterizations) {r1, . . . , rn}. The coordinates ri, i = 1, . . . , n are called
Riemann invariants and in these coordinates the system (1.2) appears in di-
agonal form:
rit = v
i(r1, ..., rn)rix, i = 1, ..., n.
The characteristic velocities of the system, namely the functions vi satisfy
Tsarev’s semi-Hamiltonian condition, i.e.
∂k
(
∂jv
i
vj − vi
)
= ∂j
(
∂kv
i
vk − vi
)
, i 6= j 6= k 6= i. (1.3)
This condition guarantees the existence of a family of symmetries and of
densities of conservation laws, depending on n arbitrary functions of a sin-
gle variable. It turns out that the systems that are integrable according to
Tsarev’s definition, coincide with the systems of conservation laws that ad-
mit Riemann invariants (see [24]).
2. Every symmetry (commuting flow) of the dispersionless limit (1.2) can be
extended to a symmetry of the complete system (1.1). If this extension is
obtained up to a certain order in ǫ, then the system (1.1) is called integrable
up to that order in ǫ.
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The symmetries approach to integrability has a long history (see for instance [21],
[22], [25]). In this paper following [17] we consider symmetries represented by
possibly infinite series. Our definition of integrability in the scalar case coincides
with the definition of formal integrability given in [17].
With this notion of integrability, one can think of systems (1.1) that are inte-
grable as a sort of integrable deformation of dispersionless systems (1.2) that are
Tsarev’s integrable. This point of view has been widely adopted in the literature,
see for instance [13] (for the bi-Hamiltonian case) and [13, 3, 4] for the scalar case.
In this paper, we adopt this point of view and we extend it to general systems (not
necessarily Hamiltonian or bi-Hamiltonian) of the form (1.1). A trivial way to ob-
tain an integrable system of the form (1.1) is simply to start from a dispersionless
system (1.2), integrable in the Tsarev’s sense, and apply to it a Miura transforma-
tion u→ w:
wi =
∞∑
k=0
ǫkF ik(u,ux, ...), deg(Fk) = k, (1.4)
where it is assumed that Fk are homogeneous differential polynomials of degree
k and that the leading term of the transformation is invertible. This last assump-
tion implies the invertibility of the entire transformation. Due to the presence of
this mechanism to construct integrable systems of the form (1.1) that are essen-
tially trivial, one of the fundamental issues of the theory of integrable systems is to
classify systems of the form (1.1) only up to Miura transformations. Under some
suitable assumptions (locality of the bi-Hamiltonian structure and semisemplicity)
this problem has been solved completely in the bi-Hamiltonian case. In this case, it
turns out that non trivial bi-Hamiltonian structures (which in the bi-Hamiltonian
set-up control the deformations) are parameterized by n arbitrary functions of one
variable [18, 14]. These are called central invariants because of their invariance with
respect to Miura transformations. For any choice of the dispersionless limit and
of the central invariants there exists a unique (up to Miura transformations) bi-
Hamiltonian structure (see [19] and [8] for the scalar case and [9] for the general
semisimple case).
In the general case of systems of the form (1.1), there are very few results avail-
able in the literature, and besides few exceptions they are all confined to the scalar
case (see [13, 11, 3, 4]). More specifically:
• In [13] it has been proved that every scalar equation of the form (1.1) can be
reduced to its dispersionless limit through a generalized Miura transforma-
tion (i.e. a Miura transformation in which the functions Fk in (1.4) are not
necessarily differential polynomials, but belong to a more general class of
functions).
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A different proof of this result (obtained following the approach of [7] based
on the study of solutions of transport equations) is given in [4].
• In [4] it has been proved that for scalar equations of the form (1.1) each coef-
ficient of the quasilinear part behaves like a scalar under Miura transforma-
tions. In particular, in this case each coefficient is invariant with respect to
the subgroup of Miura transformations of the form
ui → wi = ui + ... (1.5)
i.e. Miura transformations where F0 in (1.4) is the identity map.
• In Table 1 (taken from [4]) we summarize some conjectures. They deal with
the number of functional parameters that are needed to parameterize the (in-
tegrable) deformations in the scalar case. In each instance, it is possible to
choose the functional parameters among the coefficients of the quasilinear
part.
Type of deformations Numbers of invariants References
General viscous deformations 2 [17]
General dispersive deformations ∞ [4] and [26]
Viscous conservation laws 1 [3]
Dispersive conservation laws ∞ [4]
Hamiltonian conservation laws ∞ [11, 12]
Table 1: Summary of conjectures in the scalar case.
In this work, we will focus on the general case of systems, and in particular to
the case of systems of conservation laws, i.e. we will deal with systems of the form
uit = ∂x
[
Ai(u) + ǫ(Bij(u)u
j
x
)
+ ǫ2
(
C ij(u)u
j
xx + C
i
jk(u)u
j
xu
k
x) + . . .
]
(1.6)
In the first part of the paper, generalizing the results of [4] we show that the
eigenvalues λi(u, p) of the matrix
M ij(u, p) := A
i
j(u) +B
i
j(u)p+ C
i
j(u)p
2 + . . . (1.7)
associated to systems of the form (1.1) are scalar with respect to Miura transfor-
mations (1.4). Consequently they are invariant with respect to the subgroup of
Miura transformations preserving the dispersionless limit (i.e. Miura transforma-
tions (1.4) with F0 being the identity map). Let us remark that there is an important
difference between the scalar case (studied in [4]) and the general case. In the first
5
case the single coefficients of the quasilinear part are invariant, while in the latter
case this is not true anymore.
We call the matrix (1.7) the Miura matrix of the system and its eigenvalues
λi(u, p) Miura invariants of the system.
Furthermore, we show how the Miura invariants are related to dispersion rela-
tions for systems of the form (1.1). Indeed it turns out that dispersion relations are
just given by ωj(k) = −kλj(u0, ik), where u0 ∈ Rn is a constant solution of (1.1)
(the need for choosing a constant solution comes from the fact that the dispersion
relations arise when one linearizes the system (1.1) around a specified constant
reference solution u0).
In the second part of the paper, we focus on deformations of dispersionless in-
tegrable systems of conservation laws associated the to the families of bi-flat struc-
tures on the space of orbits of the Coxeter groups B2 and I2(m) constructed in [1].
These families depend on one parameter c (a scalar constant). For each choice of
the constant one obtains a dispersionless integrable systems of conservation laws
in two fields. Themain reason to consider these examples is the fact that for generic
values of c one obtains a system of conservation laws which is not Hamiltonian (at
least with respect to a local Hamiltonian structure). On the other hand, for a spe-
cific value of the parameter (c = −3
4
in the case of B2 and c = 0 in the case of
I2(m)), one gets a bi-Hamiltonian system (which is just the principal hierarchy of
the Frobenius manifolds of B2 and I2(m) respectively). In other words, within the
same family (parameterized by c) we have dispersionless integrable systems that
are Hamiltonian (really bi-Hamiltonian) and non-Hamiltonian. This is extremely
useful if one wants to probe to which extent the properties of the dispersionless
limit impact the nature and the existence of (integrable) deformations. We restrict
ourselves to deformations that preserve the form of conservation law for the PDEs
under consideration.
We have computed explicitly (using the formalism of [5]) all deformations up
to the second order ǫ. In the case of B2 the results obtained can be summarized as
follows:
1. The integrable deformations have a branch for c = −3
4
, and surprisingly also
for c = −1 and c = −1
2
(see below). For the case c = −3
4
, the dispersion-
less limit is bi-Hamiltonian, while for c 6= −3
4
the dispersionless limit is not
Hamiltonian (at least with respect to a local structure). Furthermore, in the
computation of the deformations, it is not possible to compute the deforma-
tion for general values of c and then substitute c = −3
4
, because in several
quantities this produces infinities. In this sense, c = −3
4
is a singular limit of
the family to be deformed. Moreover, from the geometric point of view, the
6
dispersionless limit for c = −3
4
arises from a Frobenius manifold, while for
c 6= −3
4
arises from a bi-flat F -manifold (see [1]).
2. The deformations at order one in ǫ are Miura trivial, in the sense that they
can be eliminated via suitable Miura transformations except for the cases c =
−1, c = −1
2
. This pinpoints to the fact that viscous integrable systems (using
a terminology taken from [3]) might not be so abundant. For c = −1, the
first order deformations can not be eliminated via a Miura transformation
and they depend on a single arbitrary function of one variable (that turns
out to be one of the Riemann invariants). Analogously, for c = −1
2
, the first
order deformations are not Miura trivial and they again depend on a single
arbitrary function of one variable.
3. The deformations at the order two in ǫ depend on two arbitrary functions of
a single variable (the Riemann invariants), again for all values of c, except
for c = −1 and c = −1
2
. It is however, much more straightforward to see
this in the Frobenius case where c = −3
4
. See also the important remark 4.10.
For the cases c = −1 and c = −1
2
it happens that the second order deforma-
tions depend on three functional parameters of a single variable (due to the
additional parameter appearing at the first order).
4. The cases c = −1 and c = −1
2
turn out to be peculiar due to the fact that one
of the primary flows (and all the corresponding higher flows) of the principal
hierarchy are degenerate.
In the case of I2(m) we have analogue results (clearly for m = 4 this is not sur-
sprising since B2 ∼ I2(4)). For generic values of the parameter (c 6= 0,±2) first
order deformations are always trivial and second order deformations depend on
two functional parameters. For c = 0 (the bi-Hamiltonian case) we have similar
results while for c = ±2 we have an additional parameter appearing at the first
order.
The paper is organized as follows. In Section 2 we introduce the Miura invari-
ants and show how the are related to dispersion relations. In Section 3 we briefly
recall the notions of flat and bi-flat F -manifolds, the principal hierarchy associated
to these geometric structures and the examples related to Coxeter groups. In Sec-
tion 4 we study in details the example of B2. In subsection 4.1 we study the first
flows of the principal hierarchy, in subsection 4.3we study the first order integrable
deformations, while the second order deformations in ǫ are analyzed in subsection
4.4, together with some other important remarks. The Section 5 summarizes the re-
sults obtained for the integrable deformations of the principal hierarchy associated
to I2(m) (dihedral groups), while the final Section 6 provides some conclusions.
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2 Miura invariants
In this Section, we introduce a specific set of 0-tensors, that we callMiura invariants
associated to any system of evolutionary PDEs of the form
uit = X
i(u,ux, ....), i = 1, ..., n, (2.1)
where
X i = Aij(u)u
j
x+ǫ(B
i
j(u)u
j
xx+B
i
jk(u)u
j
xu
k
x)+ǫ
2(C ij(u)u
j
xxx+C
i
jk(u)u
j
xxu
k
x+C
i
jkl(u)u
j
xu
k
xu
l
x)+. . .
More specifically Miura invariants are invariants of the system (2.1) under the sub-
group of Miura transformations (1.4) of the form:
wi = ui +
∞∑
k=1
ǫkF ik(u,ux, ...), deg(Fk) = k. (2.2)
The Miura invariants defined in this note generalize the notion of invariants intro-
duced by Dubrovin, Liu and Zhang in the context of bi-Hamiltonian evolutionary
systems (see [14, 18, 15]) and they also generalize one of the results of [4], where it
was proved that for any evolutionary scalar PDE of the form (2.1), the coefficients
of the quasilinear part of the PDE behave as scalars under Miura transformations
(1.4) (so if F0 is the identity map, then each coefficent of the quasilinear part is
invariant).
We denote by
ui =
∑
k
ǫkGik(w,wx, ...), deg(Gk) = k, (2.3)
the inverse of the Miura transformation (1.4), where the leading part F0 is assumed
to be at least a local diffeomorphism. In the new “coordinates” w′s the system (2.1)
reads
wit =
(
∂wi
∂uj
+
∂wi
∂ujx
∂x +
∂wi
∂ujxx
∂2x + . . .
)
Xj
where the right hand side must be rewritten in terms of w,wx, ....
We will now focus on the quasilinear part of the system (2.1). This is by defini-
tion
X iquasilinear = A
i
j(u)u
j
x + ǫB
i
j(u)u
j
xx + ǫ
2C ij(u)u
j
xxx + · · · =
=
(
Aij(u) + ǫB
i
j(u)∂x + ǫ
2C ij(u)∂
2
x + . . .
)
ujx
In particular, let us consider theMiuramatrixM ij(u, p) := A
i
j(u)+B
i
j(u)p+C
i
j(u)p
2+
. . . constructed with the matrix coefficients of the quasilinear part.
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Definition 2.1 We callMiura invariants the eigenvalues λi(u, p) of the matrixM
i
j(u, p)
defined above.
To justify this definition we will study the behaviour of λi under Miura trans-
formation. The key idea consists in writing the quasilinear part of (2.1) as a linear
operator acting on ux and studying as its symbol behaves underMiura transforma-
tions. A similar idea was used in [15] to prove the invariance of central invariants.
Theorem 2.2 Consider the Miura transformation (1.4) and its inverse (2.3). The Miura
invariants of (2.1) transform as scalars, namely λ˜i(w) = λi(G0(w)), where u = G0(w)
and G0 is the (local) inverse of F0. In particular the Miura invariants are invariant under
Miura transformations with F0 = Id.
Proof:
As a preliminary observation, we consider the system
uit = u
i
x, i = 1, ..., n. (2.4)
The Miura matrix in this case is the identity matrix. It is easy to check that the
system (2.4) after a Miura transformations maintains its form. Indeed
wit =
(
∂wi
∂uj
+
∂wi
∂ujx
∂x +
∂wi
∂ujxx
∂2x + . . .
)
ujx = w
i
x.
In particular this means that the quasilinear part and the corresponding Miura
matrix do not change in this case.
Nowwe analyze what is the effect of a Miura transformation on the quasilinear
part of (2.1). Due to the fact that ui is related to wi via (2.2), the only part of the
operator (
∂wi
∂uj
+
∂wi
∂ujx
∂x +
∂wi
∂ujxx
∂2x + . . .
)
that can affect the quasilinear part is given by(
∂F i0
∂uj
+
∂F i1
∂ujx
∂x +
∂F i2
∂ujxx
∂2x + . . .
)
.
Similarly the only part of uix that can provide a contribution to the quasilinear part
is (
∂Gi0
∂wj
+
∂Gi1
∂wjx
∂x +
∂Gi2
∂wjxx
∂2x + . . .
)
wjx.
In other words, the transformed quasilinear part can be obtained taking the quasi-
linear part of(
∂F i0
∂ul
+ ǫ
∂F i1
∂ulx
∂x + . . .
)(
Alm(u) + ǫB
l
m(u)∂x + . . .
)(∂Gm0
∂wj
+ ǫ
∂Gm1
∂w
j
x
∂x + . . .
)
wjx (2.5)
evaluated at u = G0(w). This means that the Miura matrix M
i
j(u, p) transforms
according to the following rule involving only the symbols of the operators ap-
pearing in (2.5):
M˜ ij(w, p) =
(
∂F i0
∂ul
+
∂F i1
∂ulx
p+ . . .
)
M lm(u, p)
(
∂Gm0
∂wj
+
∂Gm1
∂wjx
p+ . . .
)
, (2.6)
where, in the right hand side, u = G0(w). Notice that the invariance of the system
(2.4) implies (
∂F i0
∂ul
+
∂F i1
∂ulx
p+ . . .
)(
∂Gl0
∂wj
+
∂Gl1
∂wjx
p+ . . .
)
= δij . (2.7)
Applying the transformation rule (2.6) to the Miura matrix of the system
uit = X
i(u,ux, ....)− λuix, i = 1, ..., n,
and taking into account (2.7), we obtain
M˜ ij(w, p)− λδij =
(
∂F i0
∂uj
+
∂F i1
∂ujx
p+ . . .
)
(M jm(u, p)− λδjm)
(
∂Gm0
∂wl
+
∂Gm1
∂wlx
p+ . . .
)
.
The above formula immediately implies that the eigenvalues of thematrixM ij(u, p)
transform as scalars:
λ˜i(w) = λi(G0(w)).
In particular they are invariant under Miura transformations of the form (2.2).
Remark 2.3 Notice that for n > 1 not only the coefficients of the quasilinear part (namely
the matrices Aij(u), B
i
j(u), C
i
j(u), etc.) are not separately invariants, but even their eigen-
values are not preserved under Miura transformations.
Recall that an evolutionary system like (2.1) is calledMiura trivial if there exists
a Miura transformation that reduces it to the form wit = A
i
j(w)w
j
x. Using Theorem
2.2, we have immediately the following:
Corollary 2.4 A necessary condition for a system of the form (2.1) to be Miura trivial is
that its Miura invariants λi(u, p) do not depend on p.
In general, this condition is not sufficient. In [4] it has been conjectured that in the
scalar integrable case this condition becomes also sufficient, and more in general,
that two integrable scalar equation are related by a Miura transformation of the
form (2.2) if and only if they have the same Miura invariants. The results of the
present paper suggest a similar scenario also in the non-scalar case.
Remark 2.5 In the scalar case, Miura invariants coincide with the coefficients of the quasi-
linear part of the equation (see [4]).
Remark 2.6 Miura invariants can be defined in the same way also in the non semisimple
case.
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2.1 Miura invariants and dispersion relations
In this section we show how the notion of Miura invariants is related to the more
familiar notion of dispersive relation.
Any linear constant coefficients scalar PDE of evolutionary type on unbounded
domains (x ∈ R) admits traveling wave solutions of the form u(x, t) = exp(ikx −
iωt), whenever the frequency ω = ω(k) satisfy a particular relation with respect to
the wave number k. This relation is called dispersive relation and in general there
are m different dispersive relations if the highest order of the time derivative ap-
pearing in the PDE ism.
Of course nonlinear PDEs in general do not admit solutions of the form u(x, t) =
exp(ikx−ωt).However, it is still possible to linearize a nonlinear PDE near a partic-
ular solution and analyze the behavior of the linear approximation. For instance,
linearizing the KdV equation ut = uux + γuxxx near the constant solution u0 = 1
with u(x, t) = u0 + ǫv(x, t), we obtain the linear PDE vt = vx + γvxxx. This readily
admits a traveling wave solution of the form v(x, t) = exp(ikx − iωt) where the
dispersion relation in this case is ω(k) = γk3 − k. Since ω is a nonlinear function
of k we say that the behavior of the KdV equation is dispersive (at least near the
linearization). Instead we say that the behavior is non-dispersive if ω is a linear
function of k.
More in general if we deal with a scalar linear PDE with constant real coeffi-
cients, even-numbered spatial derivative terms are diffusive while odd-numbered
spatial derivative terms are dispersive, in general (provided that there are odd-
numbered spatial derivative of order greater than one). However, the situation is
much more complicated for the case of systems, even for those that are linear with
constant coefficients.
The case of systems (2.1) (setting ǫ = 1):
uit = A
i
j(u)u
j
x+(B
i
j(u)u
j
xx+B
i
jk(u)u
j
xu
k
x)+(C
i
j(u)u
j
xxx+C
i
jk(u)u
j
xxu
k
x+C
i
jkl(u)u
j
xu
k
xu
l
x)+. . .
(2.8)
can be treated in a similar way. Linearizing the system around a constant solution
u = c ∈ Rn we obtain a system of the form
ut =
∑
j
Aju(j), (2.9)
with (A1)
i
j = A(c)
i
j, (A2)
i
j = B(c)
i
j, (A3)
i
j = C(c)
i
j, and so on. If we plug it in (2.9),
we obtain that the vector v has to satisfy the equation
− iω(k)v = ik
∑
j
(ik)j−1Ajv. (2.10)
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From equation (2.10) we see that v is an eigenvector of the matrix
M :=
∑
j
(ik)j−1Aj . (2.11)
If we call λ(k) the corresponding eigenvalue, then from equation (2.10) we obtain
the dispersion relation
ω(k) = −kλ(k).
In general, there will be n different dispersion relations ({ωj(k) = −kλj(k), j =
1, . . . , n}), one for each eigenvalue of the matrix M . But the eigenvalues of M
coincide with the Miura invariants of (2.8) computed at u = c and p = ik.
3 Flat and bi-flat F -manifolds and Coxeter groups
In this Section, we briefly recall the geometric structures that encode the existence
of a dispersionless integrable hierarchy (not necessarily Hamiltonian), called the
principal hierarchy.
3.1 Flat F -manifold
Definition 3.1 AnF -manifold with compatible flat structure (or flatF -manifold) (M, ◦,∇, e)
is a manifold equipped with a product ◦ : TM × TM → TM on the tangent spaces, a
connection∇ and a distinguished vector field e such that
• the one parameter family of connections
∇− λ◦
is flat and torsionless for any λ.
• e is the unit of the product and it is flat: ∇e = 0.
Let Γkij be the Christoffel symbols of ∇ and ckij the structure constants of the
product, then the fact that Γkij−λckij is flat and torsionless for any λ is equivalent to
the following conditions:
1. the connection ∇ is torsionless and the product ◦ is commutative,
2. the connection ∇ is flat and the product ◦ is associative,
3. the tensor field ∇lckij is symmetric in the lower indices.
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From condition 1,2,3 it follows that, in flat coordinates for ∇ we have
cijk = ∂j∂kA
i.
The vector potential Ai satisfies the associativity equations:
∂j∂lA
i∂k∂mA
l = ∂k∂lA
i∂k∂mA
l
3.2 The principal hierarchy
Given a flat F -manifold one can define an integrable hierarchy of quasilinear sys-
tems of evolutionary PDEs of the form
ut(p,l) = X(p,l) ◦ ux, p = 1, ..., n l = 0, 1, 2, 3, ...
The vector fieldsX(p,l) defining the hierarchy as coefficents of the formal expansion
of flat sections of the deformed flat connection:
(∇− λ◦) (X(p,0) +X(p,1)λ+X(p,2)λ2 + ...) = 0.
This means that the vector fieldsX(p,0) are flat and the remaining ones are obtained
by means of the recursive relations
∇X(p,l+1) = X(p,l) ◦ . (3.1)
In flat coordinates (v1, ..., vn) the flows of the hierarchy are systems of conservation
laws:
vt(p,l) = X(p,l) ◦ vx = ∂xX(p,l+1).
If the product is semisimple, then the canonical coordinates (r1, ..., rn) (where c
i
jk =
δijδ
i
k) are Riemann invariants of this system.
If∇ is the Levi-Civita connection of η and η is invariant w.r.t the product:
< X ◦ Y, Z >=< X, Y ◦ Z >, ∀X, Y, Z,
where < ·, · > is the bilinear form defined by η, the bi-flat F -manifolds becomes
Frobenius manifolds. Indeed:
• ηilAl = ∂iF . In other words oriented associativity equations become WDVV
associativity equations:
∂j∂h∂iFη
il∂l∂k∂mF = ∂j∂k∂iFη
il∂l∂h∂mF
∂n∂i∂jF = ηij
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• the principal hierarchy becomes Hamiltonian w.r.t. the Dubrovin-Novikov
bracket associated with η. In flat coordinates
ηijX
j
(p,l) = ∂ih(p,l)
and the flows of the principal hierarchies can be written as
vt(p,l) = X(p,l) ◦ vx = ∂xX(p,l+1) = PδH(p,l+1)
where H [v] =
∫
h(p,l+1)(v) dx and P
ij = ηij∂x.
To conclude this subsection we recall the definition of bi-flat F -manifolds.
Definition 3.2 A bi-flat F -manifold is a manifold equipped with two different flat struc-
tures (∇, ◦, e) and (∇∗, ∗, E) related by the following conditions
1. X ∗ Y = E−1 ◦X ◦ Y, ∀X, Y .
2. [e, E] = e,
3. LieE◦ = ◦,
4. (d∇ − d∇∗)(X ◦) = 0, ∀X, where d∇ is the exterior covariant derivative.
Whenever one has an underlying bi-flat F manifold structure, it is possible to
introduce a recursive scheme for the principal hierarchy which is different from
(3.1) and which generalizes the so-called Lenard-Magri chains. These recurrence
relations are called twisted Lenard-Magri chains and were developed in [6]. More
precisely, on any (semisimple) bi-flat F-manifold, the following recursive scheme
(generalizing the classical bi-Hamiltonian recurrence relations of Lenard-Magri) is
available:
d∇(2)
(
E ◦X(p,α)
)
= d∇(1)X(p+1,α),
where (X(0,1), . . . , X(0,n)) is a frame of flat vector fields. The corresponding equa-
tions of the associated hierarchy are in this case given by:
uit(p,α) = [d∇(2)
(
E ◦X(p−1,α)
)
]ij u
j
x = (d∇(1)X(p,α))
i
j u
j
x, i = 1, . . . , n, p = 1, 2, 3, . . . .
(3.2)
3.3 Bi-flat F -manifolds and Coxeter groups
Let G be a Coxeter group and |H/G| the number of orbits for the action of G on
the collection of reflecting hyperplanes. In [1] it has been conjectured that the orbit
space of each finite Coxeter group is equipped with a natural bi-flat F -manifold
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structure that depends on |H/G|−1 parameters. The conjecture is supposed to hold
under the assumption that the flat coordinates of∇ are basic polynomial invariants
and that the dual product has the special form
∗ = 1
N
∑
H∈H
dαH
αH
⊗ πH ,
where αH is a linear form defining the mirror H , H is the collection of the reflect-
ing hyperplanes, πH denotes the orthogonal projection onto the orthogonal com-
plement (with respect to a suitable bilinear form) of the hyperplane H and N is a
normalizing factor. This conjecture has been verified for Weyl groups of rank 2, 3,
and 4 and for the groups I2(m). In the first case one has one parameter in the cases
B2, B3, B4, F4 and no parameter in the remaining cases. In the second case we have
one parameter in the even case and no parameter in the odd case.
Below we write some examples of one-parameter families of vector potentials.
3.3.1 B2
A1B2 = −
2
3
(
c +
3
4
)
u31 + u1u2,
A2B2 = −
1
6
(c+ 1)(2c+ 1)u41 +
1
2
u22.
The value of the parameter corresponding to the Frobenius manifold structure is
c = −3
4
.
3.3.2 B3
A1B3 =
1
3
(
c+
4
3
)(
c+
5
4
)
u41 −
(
c+
5
4
)
u2u
2
1 + u1u3 +
3
8
u22,
A2B3 =
4
45
(
c+
5
4
)
(c+ 2)(c+ 1)u51 −
1
9
(c+ 1)u2u
3
1
−1
2
(c+ 1)u22u1 + u2u3,
A3B3 =
1
2
u23 −
1
135
(
c+
3
2
)
(c+ 1)(8c2 + 20c+ 13)u61 +
1
3
(
c+
5
4
)
(c+ 1)
(
c+
3
2
)
u2u
4
1 −
1
2
(c + 1)
(
c+
3
2
)
u22u
2
1
+
1
8
(
c+
3
2
)
u32.
The value of the parameter corresponding to the Frobenius manifold structure is
c = −5
4
.
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3.3.3 B4
A1B4 =
(
−32
5
c3 − 131
15
c2 − 953
240
c− 77
128
)
u51 + 8
(
c+
7
16
)(
c+
11
24
)
u31u2 +
(
−8
3
c− 7
6
)
u3u
2
1
+
(
−2c− 7
8
)
u22u1 + u4u1 +
2
3
u3u2,
A2B4 =
(
−64
15
c4 − 392
45
c3 − 1163
180
c2 − 499
240
c− 63
256
)
u61 +
4
3
(
c+
7
16
)(
c+
3
8
)
u2u
4
1
+
(
−2
9
c− 1
12
)
u3u
3
1 + 4
(
c+
3
8
)2
u21u
2
2 +
(
−8
3
c− 1
)
u3u2u1 + u4u2 +
4
9
u23
+
(
−2
3
c− 1
4
)
u32,
A3B4 =
(
64
7
c5 +
440
21
c4 +
229
12
c3 +
1453
168
c2 +
3499
1792
c+
45
256
)
u71
−96
5
(
c+
5
8
)(
c2 +
41
48
c+
47
256
)(
c+
3
8
)
u2u
5
1 +
1
3
(
c+
3
8
)(
c+
7
16
)
u3u
4
1
+12
(
c +
5
8
)(
c +
3
8
)(
c+
5
12
)
u31u
2
2 +
(
−1
2
c− 3
16
)
u3u2u
2
1
+
(
−2c2 − 2c− 15
32
)
u1u
3
2 +
(
−4
3
c− 1
2
)
u23u1 +
1
8
u3u
2
2 + u4u3,
A4B4 =
(
−128
7
c6 − 48c5 − 158
3
c4 − 371
12
c3 − 983
96
c2 − 1393
768
c− 481
3584
)
u81
+
128
3
(
c+
1
2
)(
c+
3
8
)(
c+
7
16
)(
c2 +
41
48
c+
73
384
)
u61u2
−256
15
(
c+
1
2
)(
c+
3
8
)(
c+
11
24
)(
c+
7
16
)
u3u
5
1
−32
(
c+
1
2
)(
c+
3
8
)(
c2 +
5
6
c +
17
96
)
u41u
2
2
+
64
3
(
c+
1
2
)(
c +
3
8
)(
c+
7
16
)
u31u2u3 + 8
(
c+
1
2
)(
c+
3
8
)2
u21u
3
2
−32
9
(
c+
1
2
)(
c+
3
8
)
u23u
2
1 +
(
−16
3
c2 − 14
3
c− 1
)
u3u
2
2u1
+
(
−1
3
c2 − 1
4
c− 1
24
)
u42 +
(
8
9
c+
4
9
)
u23u2 +
1
2
u24.
The vector potential for B4 comes from a Frobenius potential for c = − 716 .
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3.3.4 I2(m)
A1I2(m) = u1u2 −
2c
m
2
+ 1
u
m
2
+1
1 ,
A2I2(m) =
1
2
u22 +
(
− m
(4m− 4)c
2 +
m
m− 1
)
um1
The vector potential for I2(m) comes from a Frobenius potential for c = 0.
Remark 3.3 If m is odd the above formulas still define a solution of the oriented associa-
tivity equations for any value of c. However, in this case the flat coordinates are no longer
polynomials. Therefore, the case withm odd does not provide a counteraxample to the con-
jecture mentioned above. Since the requirement that the flat coordinates are polynomials
does not play any role in the present context, we will not restrict to the even case in the rest
of the paper.
Based on what we have presented in this Section, it is clear that to each Coxeter
group there is associated a family of integrable dispersionless hierarchies, when-
ever the corresponding vector potential depends on parameters. If the vector po-
tential does not depend on parameters, then there is associated a unique integrable
dispersionless hierarchy: the principal hierarchy of the Frobenius manifold asso-
ciated with the Coxeter group. In the case of families, there is a special value
of the parameter for which the associated integrable dispersionless hierarchy is
the principal hierarchy originating from the Frobenius manifold associated with
the Coxeter group. For generic values of the parameter the bi-flat structure does
not come from a Frobenius manifold structure and the principal hierarchy is not
Hamiltonian (at least w.r.t. a local Hamiltonian structure). In the next Section, we
will study in detail the case of B2 and of its integrable deformations.
4 The case of B2
Starting from the results of [1], we provide the principal hierarchy associated to the
orbit space of B2 and we analyze its integrable deformations. This is a particularly
significant example because of the fact that the underlying geometric structures
(bi-flat F -manifold) for the case ofB2 appear in a family depending on a parameter.
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4.1 The principal hierarchy for B2
In this paper we focus on a one-parameter family of bi-flat structures associated
with the Coxeter group B2. The primary flows of the hierarchy are
ut1,0 = ∂x
[
v − 2
(
c +
3
4
)
u2
]
(4.1)
vt1,0 = ∂x
[
−4
3
(
c+
1
2
)
(c+ 1)u3
]
(4.2)
and
ut2,0 = ux, (4.3)
vt2,0 = vx. (4.4)
Starting from the primary flows one can reconstruct all the flows of the principal
hierarchy by means of the recursive relations (3.1). For instance, the first flows
obtained from (4.1),(4.2) and (4.3) and (4.4) are
ut1,1 = ∂x
[
−2
(
c+
3
4
)
u2v +
(
5
3
c2 +
5
2
c+
23
24
)
u4 +
v2
2
]
(4.5)
vt1,1 = ∂x
[
8
5
(
c+
3
4
)(
c+
1
2
)
(c+ 1)u5 − 4
3
(
c+
1
2
)
(c + 1)u3v
]
(4.6)
and
ut2,1 = ∂x
[
−4
3
(
c+
3
4
)
u3 + uv
]
(4.7)
vt2,1 = ∂x
[
−1
4
(
c+
1
2
)
(c+ 1)u4 +
v2
2
]
(4.8)
respectively.
In the case c = −3
4
all the flows of the principal hierarchy can be written in the
bi-hamiltonian form. This is the case corresponding to Frobenius manifold of B2.
In the remaining cases we have systems of conservation laws admitting Riemann
invariants, that is semi-Hamiltonian systems. A special set of Riemann invariants
are the canonical coordinates of the product which are
r1 = −cu2 − u2 + v, r2 = −cu2 − 1
2
u2 + v.
4.2 The general strategy
Here we outline the general strategy to compute non-trivial integrable deforma-
tions of the principal hierarchy associated with a flat F -manifolds. The steps are
18
as follows:
Step 1. We reduce the general deformation at some order in ǫ (for our case only
order one and two) for the selected flow of the principal hierarchy to the simplest
possible form using Miura transformations.
Step 2. We choose a symmetry and we impose commutativity between the se-
lected deformed flow and the selected symmetry (which is to be deformed at the
same order in ǫ). The commutativity is also imposed up to the chosen order in ǫ
(for the cases examined here, only order one and two).
Step 3. We check that all the symmetries (and not just the selected one) of the
system (4.1, 4.2) can be extended to the relevant order in the deformation parame-
ter.
Step 4. We check that all deformed the symmetries pairwise commute up to the
relevant order in ǫ.
Remark 4.1 In some cases, the order of the first and second steps are switched.
Remark 4.2 Let us underline that in all the examples we dealt with, Step 3 and Step 4
follow automatically once Step 2 is completed, in the sense that no new conditions are
necessary for Step 3 and Step 4 to be fulfilled. This means that in all the examples an-
alyzed, extending one symmetry is enough to extend all of them (to the same order) and
automatically implies that all the extended symmetries commute among each other. This is
consistent with the conjecture formulated in [16], where it is stated that for a system with
n components, it is enough to prolong n symmetries (in our examples, it seems that even
the prolongation of one symmetry does the job).
In general, since we are dealing with systems of conservation laws, the com-
mutativity between the flow ut = ∂x(α1), vt = ∂x(α2) and the flow uτ = ∂x(β1), vτ =
∂x(β2) is equivalent to the involutivity of the 1-forms defining the flows with re-
spect to the Poisson bracket [5]:
{α, β}i := (∂s+1x βk)
∂αi
∂uk(s)
− (∂s+1x αk)
∂βi
∂uk(s)
. (4.9)
The formula (4.9) is just a special case of a more general formula that reduces
to (4.9) in a special set of coordinates. Indeed, consider two PDEs of the form
uit = P
ijαj =
(
gij∂x − gilΓjlkukx
)
αj, i = 1, . . . , n, (4.10)
uiτ = P
ijβj =
(
gij∂x − gilΓjlkukx
)
βj, i = 1, . . . , n, (4.11)
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were the 1-forms α and β are not necessarily closed (they are not necessarily the
variational derivative of some functionals) and gij is a flat contravariant metric
with corresponding Christoffel symbols Γjlk. Then the two flows defined by these
two PDEs commute if and only if the Poisson bracket defined by
{α, β}i = ∂sx
(
gkl∂xβl + Γ
kl
mu
m
x βl
) ∂αi
∂uk(s)
− ∂sx
(
gkl∂αl + Γ
kl
mu
m
x αl
) ∂βi
∂uk(s)
+ (αk∂xβl − βk∂xαl) Γlki − αkβl
[
ΓkisΓ
sl
m − ΓlisΓskm
]
umx ,
(4.12)
vanishes. For instance, all the flows of the principal hierarchy associated with
a flat F -manifold (M,∇, ◦, e) can be written in the form (4.10) where g is any
(pseudo)-metric satisfying the condition ∇g = 0 and the 1-forms α are obtained
from the vector fields X defining the principal hierarchy lowering the index with
g: αi = gijX
j . In a given system of flat coordinates without loss of generality we
can choose gij = δij . In this case it is immediate to check that the (4.12) reduces to
(4.9). For the development of the full theory and further details, see [5].
4.3 Deformations at the first order in ǫ
In this Section, we study the (integrable) deformations at the first order in ǫ for the
dispersionless systems associated to B2 constructed in Section 3. We do not spell
out in more detail the general strategy outlined in the previous subsection for this
case, since we are going to provide more details for the second order deformations,
where the computations are considerably more involved.
As a first step we have to select a flow in the principal hierarchy. For c 6= −1,−1
2
we choose the flow (1, 0), corresponding to the system (4.1, 4.2). Since for c = −1
2
and for c = −1 this system is degenerate, for these values of c we choose the flow
(2, 1). This is given by
ut2,1 = ∂x
[
uv − 1
3
u3
]
vt2,1 = ∂x
[
1
2
v2
]
in the case c = −1
2
and by
ut2,1 = ∂x
[
uv +
1
3
u3
]
vt2,1 = ∂x
[
1
2
v2
]
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in the case c = −1.
To impose integrability, we need to choose a symmetry (see Step 2 above). In
the case c 6= −1
2
,−1we choose as symmetry the flow (2, 1) (4.7,4.8) of the principal
hierarchy, while in the case c = −1
2
e c = −1 we choose the flow (2, 2). In the first
case we have the system
ut2,2 = ∂x
[
−1
3
u3v +
1
2
uv2 +
1
15
u5
]
,
vt2,2 = ∂x
[
1
6
v3
]
,
while in the second case we get the system
ut2,2 = ∂x
[
1
3
u3v +
1
2
uv2 +
1
15
u5
]
,
vt2,2 = ∂x
[
1
6
v3
]
.
4.3.1 The case c = −3
4
For the case c = −3
4
we first apply the reducingMiura transformation to the general
deformation (i.e. without imposing integrability conditions). In doing so, in par-
ticular trying to cancel the entire deformation using a Miura transformation, one
obtains the integrability conditions automatically, without imposing them. Thus
the integrability conditions at this level appear as necessary conditions for the first
order deformation to be Miura trivial.
For c = −3
4
, the general first order deformation of the system is given by:
ut = ∂x (v + ǫ(a11ux + a12vx)) = ∂x(ω1,0 + ǫω1,1),
vt = ∂x
(
1
12
u3 + ǫ(a21ux + a22vx)
)
= ∂x(ω2,0 + ǫω2,1)
where a11, . . . a22 are arbitrary (analytic) functions of u, v. Now we consider Miura
transformations of the form ui 7→ wi = ui + ǫ∂xMi for i = 1, 2 (so u1 = u and
u2 = v), where Mi are differential polynomials of degree zero in the dependent
variables. Via a straightforward calculation we see that in order for the first order
deformation to be Miura trivial, it is necessary and sufficient that the following
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systems of PDEs is satisfied (we write it using the old variables u, v):
a11 +
1
4
u2∂vM1 − ∂uM2 = 0,
a12 + ∂uM1 − ∂vM2 = 0,
a21 +
1
4
u2∂vM2 − 1
4
u2∂uM1 = 0,
a22 + ∂uM2 − 1
4
u2∂vM1 = 0.
These four PDEs are just the coefficients of the homogeneous part of degree one of
the forms ω1,0 + ǫω1,1 and ω2,0 + ǫω2,1 after the application of the Miura transforma-
tion. In particular, the first and the second PDEs are the coefficients in front of ux
and vx respectively in the homogeneous part of degree one of the form ω1,0 + ǫω1,1
after Miura transformation, while the third and the fourth PDEs are the coefficients
in front of ux and vx respectively in the in the homogeneous part of degree one of
the form ω2,0 + ǫω2,1 after Miura transformation. Observe that for the first and last
equation of this system to be satisfied, it is necessary that a11 = −a22. Analogously
for the second and third equation to be fulfilled, it is necessary that a21 = −14u2a12.
These two conditions turn out to be a posteriori exactly the integrability conditions
of involutivity with the symmetries. Imposing these necessary conditions for the
system about to be satisfied, we have that it is reduced to the following (two of the
equations become redundant):
a11 +
1
4
u2∂vM1 − ∂uM2 = 0, (4.13)
a12 + ∂uM1 − ∂vM2 = 0. (4.14)
While in general it is difficult to find an explicit solution of this system, one can
use general theorems to prove that a solution of the does exist. The main theorem
in this context is the so-called Cauchy-Kowalevski theorem which we now state in
a form useful for our goals:
Theorem 4.3 LetM : Rn → Rn and consider the following problem:
∂unM =
n−1∑
i=1
Ai(u,M)∂uiM+B(u,M), M(u
1, . . . , un−1, 0) = Φ(u1, . . . , un−1),
(4.15)
where B,A1, . . . , An−1,Φ are analytic maps, each analytic in a neighborhood of the origin
of their respective domains. Then there exists a neighborhood of the origin in Rn on which
there exists a unique analytic functionM : Rn → Rn solving the Cauchy problem (4.15).
To apply this Theorem, we rewrite the system (4.13), (4.14) as (where u corre-
sponds to the first variable and v to the second):
∂1M = A∂2M+ b,
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where
M =
[
M1
M2
]
, A =
[
0 1
1
4
u2 0
]
, b =
[
−a12
a11
]
,
and a11, a12 are known but unspecified functions of u, v. Then, assuming that a11
and a12 are analytic in a neighborhood of the origin in R
2, the Cauchy-Kowalevski
theorem guarantees that there exists a unique analytic solution to the above system
in a neighborhood of the origin with M(0, v) = 0. Of course, one can choose a
different initial condition forM (as long as it is analytic).
4.3.2 The case c 6= −3
4
, −1, −1
2
Here we study the Miura triviality of the first order deformations for the generic
case of c arbitrary. Besides excluding the case c = −3
4
, it is necessary to exclude
also the cases c = −1, c = −1
2
, because in this case it is the starting point of the
principal hierarchy that is degenerate, and one needs to deal with these two cases
separately.
Furthermore, in this case, in order to simplify the computations we first im-
pose integrability and then we look for the reducing Miura transformation. One
can easily verify a posteriori that also in this case the integrability conditions coin-
cide with the compatibility of the system of PDEs governing the reducing Miura
transformation.
Thefore, after having imposed the integrability conditions, the first order de-
formations are given by:
ut = ∂x
[
v − 2
(
c+
3
4
)
u2 + ǫα
]
= ∂x(ω1,0 + ǫω1,1),
vt = ∂x
[
−4
3
(
c+
1
2
)
(c+ 1)u3 + ǫβ
]
= ∂x(ω2,0 + ǫω2,1)
where
α =
1
16
(−16u2(c+ 1)((c+ 3
4
)u2 − 1
2
v)(c+ 1
2
)a12 − 2b21
)
ux
u(c+ 3
4
)((c+ 3
4
)u2 − 1
2
v)
+ a12vx,
β = − 2b21ux
(4c+ 3)u2 − 2v +
1
16
(
16u2(c+ 1)((c+ 3
4
)u2 − 1
2
v)(c+ 1
2
)a12 + 2b21
)
vx
u(c+ 3
4
)((c+ 3
4
)u2 − 1
2
v)
.
Here the functions a12 and b21 are arbitrary functions that control the deformations
(those that remains after imposing integrability).
As usual, we apply Miura transformations of the form ui 7→ wi = ui+ ǫ∂xMi for
i = 1, 2 (so u1 = u and u2 = v), whereMi are differential polynomials of degree zero
in the dependent variables. Via a straightforward calculation we see that in order
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for the first order deformation to be Miura trivial, it is necessary and sufficient that
the a system of four PDEs is satisfied (we write it using the old variables u, v). Of
these PDEs, the first and the last are the same, so we write only the first three PDEs:
−2(2c
2 + 3c+ 1)a12u
4c+ 3
− 2b21
u(4c+ 3)(4cu2 + 3u2 − 2v) +
−∂uM2 − (4u2c2 + 6u2c + 2u2)∂vM1 = 0,
a12 + (4uc+ 3u)∂vM1 − ∂vM2 + ∂uM1 = 0,
− 2b21
4cu2 + 3u2 − 2v + (4u
2c2 + 6u2c+ 2u2)∂uM1 +
−(4uc+ 3u)∂uM2 − (4u2c2 + 6u2c + 2u2)∂vM2 = 0.
These four PDEs (the fourth is omitted since it is equal to the first up to a sign) are
just the coefficients of the homogeneous part of degree one of the forms ω1,0+ ǫω1,1
and ω2,0 + ǫω2,1 after the application of the Miura transformation. In particular, the
first and the second PDEs are the coefficients in front of ux and vx respectively in
the homogeneous part of degree one of the form ω1,0+ǫω1,1 afterMiura transforma-
tion, while the third and the (missing) fourth PDEs are the coefficients in front of ux
and vx respectively in the homogeneous part of degree one of the form ω2,0 + ǫω2,1
after Miura transformation.
Solving for ∂uM2 in the first equation and for ∂vM2 in the second equation and
substituting the resulting expressions in the third PDE, one gets that the third equa-
tion is automatically satisfied. So the system of PDEs that control the existence of
a Miura transformation eliminating all the first order deformations is given by the
first two equations and can be written as
∂uM = A∂vM+ b,
where
M =
[
M1
M2
]
, A =
[
−4 (c+ 34)u 1
−4u2(c+ 1) (c+ 12) 0
]
, b =

 −a12
− (c+1)(c+
1
2)a12u
c+ 3
4
− b21
8u(c+ 34)((c+
3
4)u2−
v
2 )

 .
Therefore, assuming that a12 and b21 are analytic functions in a suitable neighbor-
hood (not of the origin in R2 this time, since the vector valued function b will not
be analytic there in general), we can still invoke Theorem 4.3 to claim the existence
of a local solution M.
Remark 4.4 Although theMiura transformations eliminating the first order deformations
for c 6= −1,−1
2
were identified using only one particular flow of the principal hierarchy,
it turns out that they automatically reduce to the dispersionless limit the entire principal
hierarchy, if they do so for one of the flows.
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4.3.3 Case c = −1
The cases with c = −1 and c = −1
2
present a substantial departure from the previ-
ous cases. Indeed in these cases, the first order deformations are not Miura trivial
as we shall see in a moment.
For the case c = −1, we first impose the integrability conditions and we find
that the first order deformations are given by
ut = ∂x
[
uv +
1
3
u3 + ǫ(a12vx + a11ux)
]
= ∂x(ω1,0 + ǫω1,1),
vt = ∂x
[
1
2
v2 + ǫ
(
F
(
1
2
u2 + v
)
u2ux + F
(
1
2
u2 + v
)
uvx − a11uux − a11vx
)]
=
= ∂x(ω2,0 + ǫω2,1).
where a12, a11 are arbitrary functions of u, v and F is an arbitrary function of the
single variable 1
2
u2 + v, which is one of the Riemann invariants. Applying Miura
transformations of the usual form, via a straightforward calculation we see that in
order for the first order deformation to be Miura trivial, it is necessary and suffi-
cient that the following system of four PDEs is satisfied (we write it using the old
variables u, v and we omit one of the equations since two of them are essentially
the same equation):
a11 − u∂uM2 = 0,
a12 − u∂vM2 − u2∂vM1 + u∂uM1 = 0,
F
(
1
2
u2 + v
)
u− a11 + u∂uM2 = 0.
These three PDEs are obtained in the following way. The first two are the coeffi-
cients of ux and vx respectively in the homogeneous part of degree one of ω1,0 +
ǫω1,1, after the Miura transformation has been performed. The last equation is the
coefficient in front of vx in the homogeneous part of degree one of ω2,0+ ǫω2,1, after
the Miura transformation has been performed. The coefficient in front of ux in the
homogeneous part of degree one of ω2,0 + ǫω2,1 after the Miura transformation is
the same as the third equation multiplied by u.
The system is clearly incompatible (since the first and the third equation can
not be simultaneously satisfied), which means that the function F can not be elimi-
nated from the first order deformation. On the other hand it is possible to obtain an
explicit solution of the system formed by the first and the second equation (which
means we can eliminate a11 and a12 from the deformation). In this way, we obtain
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the non-trivial first order deformations:
ut = ∂x
[
uv +
1
3
u3
]
,
vt = ∂x
[
1
2
v2 + ǫ
(
F
(
1
2
u2 + v
)
u2ux + F
(
1
2
u2 + v
)
uvx
)]
4.3.4 Case c = −1
2
For the case c = −1
2
, again we first impose the integrability conditions and we find
that the first order deformations are given by
ut = ∂x
[
uv − 1
3
u3 + ǫ
(
F
(
−1
2
u2 + v
)
uux − a22ux + a12vx
)]
=
= ∂x(ω2,0 + ǫω2,1),
vt = ∂x
[
1
2
v2 + ǫ (a22vx − a22uux)
]
= ∂x(ω2,0 + ǫω2,1),
where a12, a22 are arbitrary functions of u, v and F is an arbitrary function of the
single variable −1
2
u2 + v, which is the other Riemann invariant. Applying Miura
transformations of the usual form, via a straightforward calculation we see that in
order for the first order deformation to be Miura trivial, it is necessary and suffi-
cient that the following system of four PDEs is satisfied (we write it using the old
variables u, v and we omit one of the equations since two of them are essentially
the same equation):
F
(
−1
2
u2 + v
)
u− a22 − u∂uM2 = 0,
a12 − u∂vM2 + u2∂vM1 + u∂uM1 = 0,
a22 + u∂uM2 = 0.
These three PDEs are obtained in the following way. The first two are the coeffi-
cients of ux and vx respectively in the homogeneous part of degree one of the form
ω1,0 + ǫω1,1, after the Miura transformation has been performed. The last equation
is the coefficient in front of vx in the homogeneous part of degree one of the form
ω2,0 + ǫω2,1, after the Miura transformation has been performed. The coefficient in
front of ux in the homogeneous part of degree one of the form ω2,0 + ǫω2,1 after the
Miura transformation is the same as the third equation multiplied by −u.
The system is clearly incompatible (since the first and the third equation can
not be simultaneously satisfied), which means that the function F can not be elim-
inated from the first order deformation. On the other hand it is possible to obtain
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an explicit solution of the system formed by the second and the third equation. In
this way, we obtain the non-trivial first order deformations:
ut = ∂x
[
uv − 1
3
u3 + ǫ F
(
−1
2
u2 + v
)
uux
]
,
vt = ∂x
[
1
2
v2
]
.
We therefore conclude this Section with the following result, the proof of which
stems from what we have seen above:
Theorem 4.5 The integrable first order deformations of the principal hierarchy of B2 are
Miura trivial for c 6= −1,−1
2
(assuming that the deformations are parametererized by
analytic functions). Instead, the integrable first order deformations for c = −1,−1
2
are
parameterized by an arbitrary function of a single variable (one of the Riemann invariants).
4.4 Deformations at the second order in ǫ
In this section we study the second order non-trivial deformations of the principal
hierarchy of B2.
Here we spell out in slightly more detail the strategy used to compute the sec-
ond order non-trivial integrable deformations of the principal hierarchy for B2.
Step 1. Same as the Step 1 above.
Step 2. We impose commutativity between the selected deformed flow and the
selected deformed symmetry up to the second order in ǫ. In the case c 6= −1
2
,−1
due to the results of subection 4.3 we do not have any first order correction while
in the cases c = −1
2
and c = −1 we have the first order corrections obtained at the
previous step.
Step 3. We check that all the symmetries of the system (4.1, 4.2) can be extended to
the second order in the deformation parameter ǫ. For c 6= −1,−1
2
the symmetries
are
uτ = − 1
2(c + 1)(2c+ 1)
∂x
(
1
u2
∂h
∂u
)
vτ = ∂x
(
∂h
∂v
)
where the function h is a solution of
u
∂2h
∂u2
+ (4c+ 3)u2
∂2h
∂u∂v
+ 2(c+ 1)(2c+ 1)u3
∂2h
∂v2
− 2∂h
∂u
= 0. (4.16)
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For c = −1
2
the symmetries are
uτ = ∂x (f(u, v))
vτ = ∂x (g(v))
where the function f and g satisfies
∂f
∂u
+ u
∂f
∂v
− g′(v) = 0. (4.17)
Finally for c = −1 the symmetries are
uτ = ∂x (f(u, v))
vτ = ∂x (g(v))
where the function f and g satisfies
∂f
∂u
− u∂f
∂v
− g′(v) = 0. (4.18)
It is known from the general theory [27] that the general solutions of the equa-
tions (4.16,4.17,4.18) depends on two arbitrary functions of single variables (the
Riemann invariants). For special choices of these functions we get the flows of the
principal hierarchy.
Step 4. Same as Step 4 above.
4.4.1 The case c = −3
4
Theorem 4.6 For c = −3
4
the integrable second order deformations of the system (4.1,4.2)
can be reduced to the following form
ut(1,1) = ∂xα1 = ∂x
[
v + ǫ2(a15u
2
x + a16v
2
x + a17uxvx)
]
(4.19)
vt(1,1) = ∂xα2 = ∂x
[
1
12
u3 + ǫ2(a23uxx + a24vxx + a25u
2
x − 4
a25
u2
v2x)
]
(4.20)
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where
a15 = −3
4
∂2F
∂u∂v
,
a16 =
1
u2
∂2F
∂u∂v
,
a17 = −1
2
∂2F
∂v2
,
a23 =
∂F
∂u
,
a24 =
∂F
∂v
,
a25 =
u2
8
∂2F
∂v2
− 1
4u
∂F
∂u
.
and F is the sum of two arbitrary functions of the Riemann invariants:
F = F1(
1
4
u2 + v) + F2(−1
4
u2 + v).
Proof.
Step 1. Following the general strategy we apply Miura transformation of the form
u˜ = u+ ǫ2∂x(β11(u, v)ux + β12(u, v)vx) +O(ǫ2)
v˜ = u+ ǫ2∂x(β21(u, v)ux + β22(u, v)vx) +O(ǫ2)
to general second order deformation of the system (4.1,4.2)
ut(1,0) = ∂xα1 = ∂x
[
v + ǫ2(a13uxx + a14vxx + a15u
2
x + a16v
2
x + a17uxvx)
]
vt(1,0) = ∂xα2 = ∂x
[
1
12
u3 + ǫ2(a23uxx + a24vxx + a25u
2
x + a26v
2
x + a27uxvx)
]
.
It is easy to check that the terms in α1 containing uxx and vxx and the term in α2
containing uxvx can be eliminated and the coefficent of v
2
x in α2 can be chosen equal
to the coefficient of u2x multiply by
−4
u2
.
Step 2. Imposing commutativity up to the order ǫ2 with the flow
ut(2,1) = ∂xβ1 = ∂x
[
uv + ǫ2(b13uxx + b14vxx + b15u
2
x + b16v
2
x + b17uxvx)
]
vt(2,1) = ∂xβ2 = ∂x
[
1
16
u4 +
1
2
v2 + ǫ2(b23uxx + b24vxx + b25u
2
x + b26v
2
x + b27uxvx)
]
.
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we obatin all the unknown coefficients in terms of a23 and a24. These two remaining
functions must satisfy the conditions
∂a23
∂v
− ∂a24
∂u
= 0
u3
∂a24
∂v
− 4u∂a23
∂u
+ 4a23 = 0
The first condition tell us that locally a23 =
∂F
∂u
and a24 =
∂F
∂v
. Substituting in the
second condition we get the equation
4u
∂2F
∂u2
− u3∂
2F
∂v2
− 4∂F
∂u
= 0,
whose general solution is F = F1(
1
4
u2 + v) + F2(−14u2 + v).
Step 3. We impose the commutativity between the second order deformation of
the system (4.1,4.2) and the deformation of the general symmetry
uτ = ∂xβ1 = ∂x
[
4
u2
∂h
∂u
+ ǫ2(c13uxx + c14vxx + c15u
2
x + c16v
2
x + c17uxvx)
]
vτ = ∂xβ2 = ∂x
[
∂h
∂u
+ ǫ2(c23uxx + c24vxx + c25u
2
x + c26v
2
x + c27uxvx)
]
,
where h is assumed to satisfy the equation (4.16) with c = −3
4
. It turns out that the
coefficients of the deformed symmetry are uniquely determined as functions of F
and h and their partial derivatives:
c13 =
hvvvFvu
2 + 4Fuhuvv
u
,
c14 =
4hvvvFu + huvvFv
u
,
c15 = −1
4
u3(Fvvhuvv + Fuvhvvv − 2Fuhvvvv − 2Fvhuvvv)− 6hvvvFvu2 + 12huvFuv − 20Fuhuvv
u2
,
c16 = −u
3(Fvvhuvv + Fuvhvvv − 2Fvhuvvv − 2Fuhvvvv) + 4Fuhuvv − 4huvFuv
u4
,
c17 = −1
2
u3(hvvvFvv − 2Fvhvvvv) + 4u(huvvFuv − 8Fuhuvvv) + 4Fvvhuv + 4hvvvFu − 8huvvFv
u2
,
c23 =
u3(Fuhvvv + Fvhuvv) + 4Fuhuv
u2
,
c24 = hvvvFvu
3 + 4Fuhuvvu+ 4Fvhuv,
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c25 = −u
6(hvvvFvv − 2Fvhvvvv) + 4u4(huvvFuv − 2Fuhuvvv)− 4u3(2Fvvhuv + Fuhvvv + 2Fvhuvv) + 16Fuhuv
16u3
,
c26 = −1
4
u6(hvvvFvv − 2Fvhvvvv) + 4u4(huvvFuv − 2Fuhuvvv) + 4u3(2Fvvhuv + Fuhvvv − 2Fvhuvv)− 16Fuhuv
u5
,
c27 = −1
2
u3(Fvvhuvv + Fuvhvvv − 2Fvhuvvv − 2Fuhvvvv)− 2hvvvFvu2 − 4Fuhuvv
u2
.
Step 4. We verify that for any pair of solutions (h1, h2) of (4.16) the corresponding
deformed symmetries commute. This requires to use the differential consequences
of the equations for F , h1 and h2.
4.4.2 The case c = −1
2
Theorem 4.7 For c = −1
2
the integrable deformations of the system (4.7,4.8) can be re-
duced to the following form
ut(1,1) = ∂xα1 = ∂x
[
uv − 1
3
u3 + ǫ(a11ux) + ǫ
2(a16v
2
x + a17uxvx)
]
vt(1,1) = ∂xα2 = ∂x
[
1
2
v2 + ǫ2(a23uxx + a24vxx + a25u
2
x + a26v
2
x − a26uxvx)
]
where
a11 = f(u, v)
a16 = gvv +
1
2
ffvv − hv
u
− 9
2
gv
u2
+
2ffv + h
u3
+
g
u4
− 2
3
f 2
u5
a17 = −ugvv − 1
2
ffvv +
4gv
u
− ffv
u2
+
2
3
f 2
u4
a23 = g(u, v)
a24 = h(u, v)
a25 = −ugv + 3g
u
− 2
3
f 2
u2
a26 = ugvv − 6gv
u
+
8
3
ffv
u2
+
3g
u3
− 4
3
f 2
u4
and
f = F (−1
2
u2 + v)u
g = G(−1
2
u2 + v)u3 +
f 2
3u
h = −g
u
+H(v).
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4.4.3 The case c = −1
Theorem 4.8 For c = −1 the integrable deformations of the system (4.7,4.8) can be re-
duced to the following form
ut(1,1) = ∂xα1 = ∂x
[
uv +
1
3
u3 + ǫ2(a16v
2
x + a17uxvx)
]
vt(1,1) = ∂xα2 = ∂x
[
1
2
v2 + ǫ(a21ux + a22vx) + ǫ
2(a23uxx + a24vxx + a25u
2
x + a26v
2
x + a26uuxvx)
]
where
a16 = −gvv + 2f
2
v + h+ 2ffvv
2u
− 9
2
gv
u2
+
2ffv + h
u3
− g
u4
+
2
3
f 2
u5
a17 = ffvv − ugvv + f 2v −
4gv
u
+
2ffv
u2
+
2
3
f 2
u4
a21 = uf(u, v)
a22 = f(u, v)
a23 = g(u, v)
a24 = h(u, v)
a25 = ugv − ffv + 3g
u
− 1
6
f 2
u2
a26 = ugvv − ffvv − f 2v +
6gv
u
− 11
3
ffv
u2
+
3g
u3
− 4
3
f 2
u4
and
f = F (
1
2
u2 + v)u
g = G(
1
2
u2 + v)u3 +
f 2
3u
h =
g
u
+H(v).
4.4.4 The case c 6= −3
4
,−1
2
,−1
Theorem 4.9 For c 6= −1
2
,−3
4
,−1 integrable second order deformations of the system
(4.1),(4.2) can be reduced to the following form
ut(1,0) = ∂xα1 = ∂x
[
1
2
(−4c− 3)u2 + v + ǫ2a16(2cuux + uux − vx)(2cuux + 2uux − vx)
]
vt(1,0) = ∂xα2 = ∂x
[
1
3
(−4c2 − 6c− 2)u3 + ǫ2(a23uxx + a24vxx + a25u2x + a26v2x + a27uxvx)
]
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where
a16 = −1
8
(64c4 + 192c3 + 252c2 + 162c+ 41)
(c+ 1)(2c+ 1)(4c+ 3)
∂2a23
∂v2
+
1
16
(64c4 + 192c3 + 252c2 + 162c+ 41)
(c+ 1)2(2c+ 1)2u
∂2a23
∂u∂v
− 1
16
(64c4 + 192c3 + 252c2 + 162c+ 41)
(c+ 1)2(2c+ 1)2(4c+ 3)u2
∂2a23
∂u2
+
− 3
16
(64c4 + 192c3 + 252c2 + 162c+ 41)
(c+ 1)2(2c+ 1)2(4c+ 3)u3
∂a23
∂u
+
−1
4
256c6 + 1152c5 + 2096c4 + 1968c3 + 960c2 + 198c+ 3
(c+ 1)2(2c+ 1)2(4c+ 3)u4
a23,
a24 = −1
4
u3
4c+ 3
∂2a23
∂v2
+
−1
8
u2
(c+ 1)(2c+ 1)
∂2a23
∂u∂v
+
−1
8
u
(c+ 1)(2c+ 1)(4c+ 3)
∂2a23
∂u2
+
+
3
8
1
(2c+ 1)(4c+ 3)(c+ 1)
∂a23
∂u
+
−1
2
4c2 + 6c+ 3
(c+ 1)(4c+ 3)(2c+ 1)u
a23
a25 =
1
4
(32c4 + 96c3 + 140c2 + 102c+ 29)u3
∂2a23
∂v2
+
+
1
8
u2(4c+ 3)(32c4 + 96c3 + 140c2 + 102c+ 29)
(2c+ 1)(c+ 1)
∂2a23
∂u∂v
+
+
1
8
u(32c4 + 96c3 + 140c2 + 102c+ 29)
(c + 1)(2c+ 1)
∂2a23
∂u2
+
+
u(2c+ 1)(c+ 1)
4c+ 3
∂a23
∂v
+
−1
8
(96c4 + 288c3 + 404c2 + 282c+ 79)
(2c+ 1)(c+ 1)
∂a23
∂u
+
−1
2
128c6 + 576c5 + 1056c4 + 1008c3 + 492c2 + 90c− 5
(2c+ 1)(c+ 1)u
a23
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a26 =
1
8
(32c4 + 96c3 + 140c2 + 102c+ 29)u
(c+ 1)(2c+ 1)
∂2a23
∂v2
+
1
16
(4c+ 3)(32c4 + 96c3 + 140c2 + 102c+ 29)
(c+ 1)2(2c+ 1)2
∂2a23
∂u∂v
+
1
16
(32c4 + 96c3 + 140c2 + 102c+ 29)
u(c+ 1)2(2c+ 1)2
∂2a23
∂u2
+
−1
4
20c2 + 30c+ 11
(2c+ 1)(4c+ 3)(c+ 1)u
∂a23
∂v
+
− 1
16
(8c2 + 12c+ 13)(12c2 + 18c+ 7)
(c+ 1)2(2c+ 1)2u2
∂a23
∂u
+
−1
4
128c6 + 576c5 + 1056c4 + 1008c3 + 488c2 + 84c− 7
u3(c+ 1)2(2c+ 1)2
a23,
a27 = −1
8
(512c6 + 2304c5 + 4832c4 + 5856c3 + 4168c2 + 1608c+ 259)u2
(2c+ 1)(4c+ 3)(c+ 1)
∂2a23
∂v2
+
− 1
16
(512c6 + 2304c5 + 4832c4 + 5856c3 + 4168c2 + 1608c+ 259)u
(c+ 1)2(2c+ 1)2
∂2a23
∂u∂v
+
− 1
16
512c6 + 2304c5 + 4832c4 + 5856c3 + 4168c2 + 1608c+ 259
(4c+ 3)(c+ 1)2(2c+ 1)2
∂2a23
∂u2
+
∂a23
∂v
1
16
1536c6 + 6912c5 + 14432c4 + 17376c3 + 12296c2 + 4728c+ 761
u(c+ 1)2(2c+ 1)2(4c+ 3)
∂a23
∂u
+
+
1
4
2048c8 + 12288c7 + 31872c6 + 46656c5 + 41600c4 + 22416c3 + 6616c2 + 744c− 35
(2c+ 1)2(c+ 1)2(4c+ 3)u2
a23.
where
a23 = u
4c+4F1(−cu2 − u2 + v) + u−4c−2F2(−cu2 − 1
2
u2 + v).
and F1 and F2 are arbitrary functions of their arguments (which coincide with the Riemann
invariants of the dispersionless limit).
In the Table 2, we summarize the results obtained for the integrable deforma-
tions of the dispersionless hierarchy associated to B2:
Remark 4.10 As we have just seen, the integrable deformations at order two in ǫ depend
on two arbitrary functions of a single variable. This result has been obtained applying only
Miura transformations of the form
ui 7→ wi = ui + ǫ2∂xβi, (4.21)
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Values of c Integrable first
order deforma-
tions
Integrable sec-
ond order de-
formations
c 6= −3
4
,−1,−1
2
Miura trivial,
no functional
parameters
Two functional
parameters of a
single variable
c = −3
4
(Frobenius)
Miura trivial,
no functional
parameters
Two functional
parameters of a
single variable
c = −1 One functional
parameter of a
single variable
Two additional
functional pa-
rameters of a
single variable
c = −1
2
One functional
parameter of a
single variable
Two additional
functional pa-
rameters of a
single variable
Table 2: Functional parameters for the integrable deformations up to order two, according to the
values of c
where βi are differential homogenous polynomials of degree 1. We use theseMiura transfor-
mations because they preserve the form of conservation laws for the systems under analysis.
However, it is not clear a priori if the Miura transformations of the form (4.21) exhaust the
class of Miura transformations that preserve the form of conservation laws for our systems.
In order to claim that the two arbitrary functions of a single variable do parameterize the
integrable deformations at order two in ǫ, it is necessary to show that they can not be elim-
inated by any Miura transformation preserving the general form of conservation law. A
way to bypass this verification is to compute the Miura invariants of the deformed systems
we obtained and verify that precisely the two arbitrary functions of a single variable pa-
rameterizing the deformations appear in the Miura invariants. Since the Miura invariants
are indeed invariant under any Miura transformation preserving the dispersionless limit,
we conclude that the two arbitrary functions can not be eliminated and thus they faith-
fully parameterize the integrable deformations of order two. This is the procedure that we
followed.
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4.5 Miura invariants for B2-deformations
In the case of the principal hierarchies associatedwith semisimple bi-flatF -manifolds
we have a distinguished set of Riemann invariants: the canonical coordinates.
Evaluating the Miura invariants in this special set of coordinates we clearly obtain
functions which are invariants with respect the full group of Miura transforma-
tions. Below, we list the Miura invariants for the deformation of B2 corresponding
to the four cases c 6= −3
4
,−1,−1
2
and c = −3
4
, c = −1, c = −1
2
. Taking into account
that the canonical coordinates are given by
r1 = −(c+ 1
2
)u2 + v, r2 = −(c + 1)u2 + v,
we get:
• Case c 6= −3
4
,−1,−1
2
:
λ1 = −(2c + 1)u−
(u2)−2cF2
(−cu2 − 1
2
u2 + v
)
(2c+ 1)u3
ǫ2 +O(ǫ3) =
= −(2c + 1)√2r1 − 2r2 − (2r1 − 2r2)
−2c− 3
2F2(r1)
2c+ 1
ǫ2 +O(ǫ3)
λ2 = −2u(c+ 1)− 1
2
u3F1 (−cu2 − u2 + v) (u2)2c
c+ 1
ǫ2 +O(ǫ3) =
= −2√2r1 − 2r2(c+ 1)− F1(r2)(2r1 − 2r2)
2c+ 3
2
2c+ 2
ǫ2 +O(ǫ3)
• Case c = −3
4
λ1 =
1
2
u+
1
2
u∂vF + 2∂uF
u
ǫ2 +O(ǫ3),
λ2 = −1
2
u+
1
2
u∂vF − 2∂uF
u
ǫ2 +O(ǫ3),
where F = F1(
1
4
u2 + v) + F2(−14u2 + v). In canonical coordinates:
λ1 =
1
2
√
2r1 − 2r2 + F ′1(r1)ǫ2 +O(ǫ3),
λ2 = −1
2
√
2r1 − 2r2 + F ′2(r2)ǫ2 +O(ǫ3),
• Case c = −1:
λ1 = u
2 + v + F1
(
1
2
u2 + v
)
uǫ+
(
F2
(
1
2
u2 + v
)
u2 +
1
3
F1
(
1
2
u2 + v
)2)
ǫ2 +O(ǫ3) =
= 2r1 − r2 + F1(r1)
√
2r1 − 2r2ǫ+
(
2F2(r1)(r1 − r2) + 1
3
F1(r1)
2
)
ǫ2 +O(ǫ3)
λ2 = v + F3(v)ǫ
2 +O(ǫ3) = r2 + F3(r2)ǫ2 +O(ǫ3).
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• Case c = −1
2
:
λ1 = v + F3(v)ǫ
2 +O(ǫ3) = r1 + F3(r1)ǫ2 +O(ǫ3),
λ2 = v − u2 + F1
(
v − 1
2
u2
)
u ǫ−
(
F2
(
v − 1
2
u2
)
u2 +
1
3
F1
(
v − 1
2
u2
)2)
ǫ2 +O(ǫ3) =
= −r1 + 2r2 + F1(r2)
√
2r1 − 2r2 ǫ+
(
2F2(r2)(r2 − r1)− 1
3
F1(r2)
2
)
ǫ2 +O(ǫ3).
5 The case I2(m)
The case of I2(m) can be treated in a completely analogous way (this is not surpris-
ing since I2(4) ∼ B2). We skip details of the computations, which are summarized
in the Table 3. For any m we have a special values of the parameter (c = 0) cor-
responding to the Dubrovin-Saito Frobenius manifold structure and two special
values (c = ±2) such that one of the primary flows is degenerate. In this case,
the first order non-trivial deformations depend on a functional parameter and sec-
ond order deformations contain two additional functional parameters. In all the
remaining cases, the first order deformations are trivial and the second order de-
formations depend on two functional parameters. To simplify the formulas we
have substituted m with 2m everywhere.
Values of c Integrable first
order deforma-
tions
Integrable sec-
ond order de-
formations
c 6= 0,±2 Miura trivial,
no functional
parameters
Two functional
parameters of a
single variable
c = 0
(Frobenius)
Miura trivial,
no functional
parameters
Two functional
parameters of a
single variable
c = ±2 One functional
parameter of a
single variable
Two additional
functional pa-
rameters of a
single variable
Table 3: Functional parameters for the integrable deformations up to order two, according to the
values of c
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5.0.1 The case c = 0
Theorem 5.1 For c = 0 the integrable second order deformations of the system (4.1,4.2)
can be reduced to the following form
ut(1,1) = ∂x
[
v + ǫ2(a15u
2
x + a16v
2
x + a17uxvx)
]
(5.1)
vt(1,1) = ∂x
[
4m2
2m− 1u
2m−1 + ǫ2(a23uxx + a24vxx + a25u
2
x −
u−2m+2a25
4m2
v2x)
]
(5.2)
where
a15 =
3
8
Fvvu
2m−3 +
1
32
m− 2
m(m− 1)
Fu
u2
,
a16 = − 1
32m2
Fvv
u
− 1
128
m− 2
m3(m− 1)
Fu
u2m
,
a17 =
1
16m2
Fuv
u
,
a23 = −1
2
Fvu
2m−3,
a24 = − 1
8m2
Fu
u
,
a25 = −1
4
Fuvu
2m−3 +
1
8
2m− 3
m− 1 Fvu
2m−4.
and F is the sum of two arbitrary functions of the Riemann invariants:
F = F1(v + 2u
m) + F2(v − 2um).
5.0.2 The case c = ±2
Theorem 5.2 For c = ±2 the integrable deformations of the system (4.7,4.8) can be re-
duced to the following form
ut(1,1) = ∂x
[
∓4mu
m+1
m+ 1
+ uv + ǫ2(a16v
2
x ∓ 4mum−1a16uxvx)
]
vt(1,1) = ∂x
[
1
2
v2 + ǫ
(∓4mu2m−2ux + um−1vx)F1 + ǫ2(a23uxx + a24vxx + a25u2x + ǫ2a26v2x + a27uxvx)
]
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where
a16 = − 1
48
m− 4
m3
FFv
u
− 1
192
m− 4
m4
F 2
um+1
− 1
64
(m− 3)(m− 1)(m+ 1)
m2(m− 2)
f
u2m−1
a23 =
2
3
m− 1
m
u2m−3F 2 + u3m−3G
a24 = −1
6
m− 1
m2
um−2F 2 − 1
4m
u2m−2G− 1
4
m+ 1
m
f
a25 = 3(m− 1)u3m−4G− 4mu4m−4Gv + 1
6
8m2 − 17m+ 12
m
u2m−4F 2 − 4
3
(m− 4)u3m−4FFv
a26 = − 1
12
m− 4
m2
um−2FFv − 1
4m
u2m−2Gv − 1
96
m− 4
m3
F 2
u2
+
1
16
m− 1
m2
um−2G+
−1
8
(m+ 1)(m− 3)
m(m− 2) fv −
1
16
(m+ 1)(m− 3)(m− 1)2
m2(m− 2)
f
um
a27 =
2
3
m− 4
m
u2m−3FFv + 2u
3m−3Gv − 1
12
2m2 − 5m+ 6
m2
um−3F 2 +
−3
4
(m− 1)u2m−3G+ 1
4
(m− 1)(m− 3)(m+ 1)
(m− 2)
f
u
,
and
F = F (v ∓ 4um)
G = G(v ∓ 4um)
f = f(v).
5.0.3 The case c 6= 0,±2
Theorem 5.3 For c 6= 0,±2 integrable second order deformations of the system (4.1),(4.2)
can be reduced to the following form
ut(1,0) = ∂x
[−2umc+ v + ǫ2a16(u2m−2m2(c2 − 4)u2x − 2cmum−1uxvx + v2x)]
vt(1,0) = ∂x
[
− m
2
2m− 1(c
2 − 4)u2m−1 + ǫ2(a23uxx + a24vxx + a25u2x + a26v2x + a27uxvx)
]
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where
a16 =
1
16
c4m2 − 2c4m+ c4 + 12c2m2 − 4c2m− 4c2 + 16m
m2(m− 1)2(c− 2)(c+ 2)cum−2
∂2a23
∂v2
+
1
8
c4m2 − 2c4m+ c4 + 12c2m2 − 4c2m− 4c2 + 16m
m3(m− 1)2(c− 2)2(c+ 2)2u2m−3
∂2a23
∂u∂v
+
1
16
c4m2 − 2c4m+ c4 + 12c2m2 − 4c2m− 4c2 + 16m
m4(m− 1)2(c− 2)2(c+ 2)2cu3m−4
∂2a23
∂u2
+
−1
8
(m− 2)(c4m2 − 2c4m+ c4 + 12c2m2 − 4c2m− 4c2 + 16m)
m3(m− 1)2(c− 2)2(c+ 2)2u2m−2
∂a23
∂v
+
− 1
16
(5m− 7)(c4m2 − 2c4m+ c4 + 12c2m2 − 4c2m− 4c2 + 16m)
m4(m− 1)2(c− 2)2(c+ 2)2cu3m−3
∂a23
∂u
+
c2(19m3 − 32m2 + 3m+ 9) + 24m2 − 36m
4(m− 1)m4c(c− 2)2(c+ 2)2u3m−2 a23 +
−c
6(m− 1)2 − 4c4(6m2 − 15m+ 10)
64m4c(c− 2)2(c+ 2)2u3m−2 a23,
a24 = − 4u
m+1
(m− 1)c
∂2a23
∂v2
− 8u
2
m(m− 1)(c− 2)(c+ 2)
∂2a23
∂u∂v
+
− 4u
−m+3
m2(m− 1)c(c− 2)(c+ 2)
∂2a23
∂u2
+
8u(m− 2)
m(m− 1)(c− 2)(c+ 2)
∂a23
∂v
+
4(5m− 7)u−m+2
m2(m− 1)c(c− 2)(c+ 2)
∂a23
∂u
− (c
2 + 24m− 36)u−m+1
c(c− 2)(c+ 2)m2 a23
a25 =
m
16
((m− 1)2c4 + (24m2 − 12m− 8)c2 + 16m2 + 16m+ 16)u2m−1
(m− 1)2
∂2a23
∂v2
+
c
8
((m− 1)2c4 + (24m2 − 12m− 8)c2 + 16m2 + 16m+ 16)um
(m− 1)2(c− 2)(c+ 2)
∂2a23
∂u∂v
+
1
16
((m− 1)2c4 + (24m2 − 12m− 8)c2 + 16m2 + 16m+ 16)u
m(m− 1)2(c− 2)(c+ 2)
∂2a23
∂u2
+
−1
8
((m− 2)c6 − 32m)um−1
c(c− 2)(c+ 2)
∂a23
∂v
− (5m− 7)c
4
16m(c− 2)(c+ 2)
∂a23
∂u
+
−1
8
((22m3 − 56m2 + 14m+ 16)c4 + (32m3 − 48m2 − 32)c2)um−1
(m− 1)2c(c− 2)(c+ 2)
∂a23
∂v
+
− ((104m
3 − 196m2 + 28m+ 56)c2 + 144m3 − 160m2 + 32m− 112)
16m(m− 1)2(c− 2)(c+ 2)
∂a23
∂u
+
− (m− 1)
3c6 − (24m3 − 88m2 + 108m− 44)c4 − (560m3 − 976m2 + 112m+ 304)c2
64(m− 1)m(c− 2)(c+ 2)u a23 +
+
8m3 − 8m2 +m− 9
(m− 1)m(c− 2)(c+ 2)ua23,
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a26 =
((m− 1)2c4 + 4(6m2 − 3m− 2)c2 + 16(m2 + 1m+ 1))u
16m(m− 1)2(c− 2)(c+ 2)
∂2a23
∂v2
+
c((m− 1)2c4 + 4(6m2 − 3m− 2)c2 + 16(m2 + 1m+ 1))
8m2(m− 1)2(c− 2)2(c+ 2)2um−2
∂2a23
∂u∂v
+
((m− 1)2c4 + 4(6m2 − 3m− 2)c2 + 16(m2 + 1m+ 1))
16m3(m− 1)2(c− 2)2(c+ 2)2u2m−3
∂2a23
∂u2
+
− (m− 2)c
6 + 32m
8m2c(c− 2)2(c+ 2)2um−1
∂a23
∂v
− (5m− 7)c
4
16m3(c− 2)2(c+ 2)2u2m−2
∂a23
∂u
+
− (34m
3 − 80m2 + 26m+ 16)c4 + (−32m3 + 80m2 − 64m− 32)c2
8m2(m− 1)2c(c− 2)2(c+ 2)2um−1
∂a23
∂v
+
− ((128m
3 − 244m2 + 52m+ 56)c2 + 48m3 + 32m2 − 64m− 112
16m3(m− 1)2(c− 2)2(c+ 2)2u2m−2
∂a23
∂u
+
− (−656m
3 + 1200m2 − 240m− 304)c2 − 128m3 − 384m2 + 448m+ 576
64m3(m− 1)(c− 2)2(c+ 2)2u2m−1 a23,
− (m− 1)
2c6 − 4(6m2 − 16m+ 11)c4
64m3(c− 2)2(c+ 2)2u2m−1 a23,
a27 = − ((m− 1)
2c6 + 4(6m2 − 3m− 2)c4 + 16(m2 −m+ 3)c2 + 128(m− 1))um
8(m− 1)2c(c− 2)(c+ 2)
∂2a23
∂v2
+
− ((m− 1)
2c6 + 4(6m2 − 3m− 2)c4 + 16(m2 −m+ 3)c2 + 128(m− 1))u
4m(m− 1)2(c− 2)2(c+ 2)2
∂2a23
∂u∂v
+
− ((m− 1)
2c6 + 4(6m2 − 3m− 2)c4 + 16(m2 −m+ 3)c2 + 128(m− 1))
8m2(m− 1)2c(c− 2)2(c+ 2)2um−2
∂2a23
∂u2
+
(5m− 7)c6
8m2c(c− 2)2(c+ 2)2um−1
∂a23
∂u
+
(m− 2)c6
4m(c− 2)2(c+ 2)2
∂a23
∂v
+
(28m3 − 68m2 + 20m+ 16)c4 + (−16m3 + 16m2 + 48m− 96)c2 + 64m3 − 320m+ 256
4m(c− 2)2(c+ 2)2(m− 1)2
∂a23
∂v
+
(29m3 − 55m2 + 10m+ 14)c4 + 4(7m3 − 16m2 + 24m− 21)c2 − 16(m3 − 12m2 − 25m+ 14)
2m2(m− 1)2c(c− 2)2(c+ 2)2um−1
∂a23
∂u
+
(−768m3 + 1920m2 − 2496m+ 1856)c2 + 512m3 − 4352m2 + 8448m− 4608
32m2(m− 1)c(c− 2)2(c+ 2)2um a23,
(m− 1)2c8 − 4(6m2 − 16m+ 11)c6 − 16(33m2 − 23m− 21)c2
32m2c(c− 2)2(c+ 2)2um a23,
a23 = u
1
2
c(m−1)+2m−3F1(v − (c+ 2)um) + u− 12 c(m−1)+2m−3F2(v − (c− 2)um).
and F1 and F2 are arbitrary functions of their arguments (which coincide with the Riemann
invariants of the dispersionless limit).
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6 Conclusions
In this paper following the path already traced in the scalar case [3, 4] we have
generalized Dubrovin-Zhang approach to the study of integrable hierarchies of
systems of conservation laws. In this framework Frobenius manifolds are replaced
by flat and bi-flat F -manifolds, Poisson bracket between hamiltonian functionals
are replaced by Poisson brackets between currents and central invariants are re-
placed by Miura invariants. Due to the complexity of computations we have con-
sidered 2-component systems and only first order and second order deformations.
This is enough to see some new interesting phenomena like the appearance of new
functional parameters in some special cases. However it is clear that important
question like the existence of eventual obstructions in the deformation procedure
require new ideas and new tecniques. Unfortunately a powerful instrument like
bi-Hamiltonian cohomology is not available in this setting.
Other important issues are:
• To find examples of truncated integrable systems of conservation laws. These
might be obtained selecting special values for the functional parameters on
which the deformation depends.
• To study the (possibly universal) behaviour of solutions near the point of
gradient catastrophe and how it changes varying the parameter. It is rea-
sonable to expect substantial differences between the Hamiltonian and the
non-Hamiltonian cases.
• To study the non-semisimple case. The deformations procedure can be ap-
plied without significant changes also to the principal hierachy of a non
semisimple (bi)-flat F -manifold. Some results are already available in the
bi-Hamiltonian case [10].
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